Received: August 9, 2000, Accepted: September 1, 2000 Revised: August 18, 2000

HYPER VERSION

Electroweak effects in radiative B decays

Paolo Gambino

CERN, Theory Division, CH–1211 Geneve 23, Switzerland E-mail: paolo.gambino@cern.ch

Ulrich Haisch

Max-Planck-Institut für Physik (Werner-Heisenberg-Institut) Föhringer Ring 6, 80805 München, Germany, and Technische Universität München, Physik Dept. James-Franck-Str., D-85748 Garching, Germany E-mail: ulrich.haisch@physik.tu-muenchen.de

Abstract: We compute the two-loop electroweak corrections to the radiative decays of the B meson in the SM. Electroweak effects reduce the Wilson coefficient C^{eff}_7 (M_W ) by 2.6% for a light Higgs boson of about 100 GeV and are less important for a heavier Higgs. The leading term of a heavy top expansion of our result differs from the one obtained in the gaugeless approximation where only top quark Yukawa couplings are considered: we discuss the origin of the discrepancy and provide a criterion for the validity of the gaugeless approximation. As a byproduct of the calculation we also obtain the O(α) corrections to the Wilson coefficient of the four-fermion operator Q_2. A careful analysis of the interplay between electroweak and QCD effects leads to an overall 2% reduction of the total branching ratio for B → X_sγ due to purely electroweak corrections. For a light Higgs boson, the up-to-date SM prediction is BR_γ = (3.29 ± 0.21 ± 0.21) × 10^{−4}.

Keywords: Standard Model, Rare Decays, B-Physics.

Contents

1. Introduction 1

2. The calculation 2

3. Heavy Top Expansion and the gaugeless limit 8

4. Effects on the branching ratio 10

5. Summary 13

1. Introduction

Radiative B decays represent one of the most important probes of new physics and a major testing ground for the Standard Model (SM). They already place severe constraints on many new physics scenarios. The present experimental accuracy for the branching ratio of B → X_sγ (BR_γ in the following) is less than 15% [1] and is expected to improve significantly in the near future, both at CLEO and at the B factories.

On the theoretical side, since precise predictions in the SM are particularly important, the subject has reached a high degree of technical sophistication. Indeed, perturbative QCD corrections are very sizeable [2] and give the dominant contribution; they are best implemented in the framework of an effective theory obtained by integrating out the heavy degrees of freedom characterized by a mass scale M ≥ M_W . At lowest order in this approach the FCNC processes B → X_sγ and B → X_sg proceed through helicity violating amplitudes induced by the magnetic operators

Q_7 = e 4π^2 m_b s̄_Lσ^{μν} b_R F_{μν} , Q_8 = g_s 4π^2 m_b s̄_Lσ^{μν} t^ab_R G^a_{μν} . (1.1)

A few years ago the renormalization group improved QCD calculation has been completed at the next-to-leading order (NLO) [3]–[6], reducing the uncertainty from uncalculated QCD higher orders to about 5%. More recently, NLO predictions have been made available in some new physics models as well [5, 7].

There has also been progress concerning QED and electroweak radiative corrections: after Czarnecki and Marciano considered all the leading QED logarithms [8], their interplay with QCD corrections has been studied in [9, 10], and Strumia [11] has calculated the leading term of the Heavy Top Expansion (HTE) of the electroweak two-loop corrections using the gaugeless limit of the SM. As for non-perturbative effects, they seem to be under control [12], although some aspects may still need a more detailed investigation [13].

In addition to uncalculated radiative corrections and non-perturbative effects, the calculation of BR_γ is also affected by the uncertainties on the input parameters (the CKM matrix elements, the semileptonic branching ratio BR_{SL}, etc.). In fact, the latter bring the overall theoretical error to about 10%. As the parametric uncertainties (especially those on the CKM elements, α_s, BR_{SL}, and M_t) are expected to decrease soon, and given the crucial importance of this decay mode, it seems appropriate to try and refine the SM prediction as much as possible.

In this note we reexamine the two-loop electroweak contributions to radiative B decays and present the result of a calculation where only some photonic effects have been neglected. Moreover, we update the SM prediction of BR_γ using the latest experimental inputs. The final result is expressed by a compact formula that summarizes the dependence on the input parameters.

2. The calculation

Although generally small, two-loop purely electroweak effects are sometimes very important: an example is provided by the precision observables of the SM, like the effective sine measured on the Z^0 pole and the W mass, where radiative corrections up to O(g^4M^2_t /M^2_W ) [14, 15] are now routinely included in the analysis with important consequences in the electroweak fits [15, 16]. Moreover, by fixing the normalization of the electroweak coupling, two-loop effects reduce the electroweak scheme dependence of the SM prediction, which can be quite large — also for FCNC processes [17].

As mentioned above, in the calculation of BR_γ the leading large logarithms of QED origin are now under control, as a resummation of all αα^{n−1}_s (ln m_b/M_W )^n terms has been completed [8, 9, 10]. Apart from that, our knowledge of electroweak effects in b → sγ is limited to the subset of two-loop fermion loop corrections calculated in [8] and to the leading term of the HTE of [11]. In fact, the two results are numerically very different — about −2.3% and less than −0.7%, respectively, on the Wilson coefficient at M_W . The leading term of the HTE was calculated in [11] using the gaugeless limit of the SM, i.e. in a Yukawa theory where the heavy top couples only to the Higgs doublet, setting M_W = 0 and keeping the Higgs mass M_H finite and arbitrary. In the presence of external gauge bosons, these can be considered as background sources. This approach presents a few limitations that also motivate our new calculation:

• the lowest order contribution to the Wilson coefficient of Q_7 is a function of the top mass whose HTE converges very slowly. Using x_t = M^2_t /M^2_W ≈ 4.7 and writing explicitly the numerical values of the successive O(1/x^n_t ) terms, it reads

C^{(0)}_7 (x_t) = x_t(7 − 5x_t − 8x^2_t ) 24(x_t − 1)^3 + x^2_t (3x_t − 2) ln x_t 4(x_t − 1)^4 = − 1 3 − 0.010 + 0.070 + 0.046 + 0.021 + · · · = −0.195 , (2.1)

where the ellipses represent contributions O(1/x^5_t ) or higher. The leading HTE is therefore unlikely to provide anything more than an order of magnitude estimate of the two-loop electroweak contribution. In this respect, the similar case of B_0−B̄_0 mixing [17] is very instructive: for realistic values of the top mass the complete two-loop electroweak correction is not well approximated even by the first three terms of the HTE and the leading HTE term is numerically far from the complete result.

• even assuming the leading HTE term to be representative, it should not be expected to give an accurate result for a light Higgs mass, M_H ≈ O(M_W ), because it is obtained by setting M_W = 0 [15]. On the other hand, present electroweak fits show a decisive preference for a light Higgs boson, M_H < 215 GeV at 95% C.L. [16].

• the gaugeless limit has often been used to compute the leading HTE term, but it is known [18] that in some cases it does not reproduce the correct result. In the following we explain why it fails for radiative B decays and provide a general criterion for its use.

A complete calculation of all electroweak effects in radiative B decays in the framework of effective hamiltonians is a very complex enterprise which involves other operators in addition to those of eq. (1.1). In fact, the analysis should be aimed at resumming all αα^n_s (ln m_b/M_W )^n effects. The procedure is summarized, for instance, in [19]. Its necessary steps would be:

(i) the calculation of two-loop O(α) matching conditions for Q_{7,8} at some O(M_W ) scale — this involves also their QED mixing with all other operators — and of the O(α) contributions to the coefficients of various four quark operators;

(ii) QED-QCD running of the Wilson coefficients down to the B mass scale — this would require a three loop computation of the anomalous dimension matrix similar to that of [3];

(iii) calculation of the one-loop QED matrix elements of the various operators — the determination of these matrix elements depends sensitively on the precise experimental conditions.

An important simplification can be obtained by keeping only the first term in an expansion around s_W = sin θ_W = 0. This is equivalent to considering a SU(2)_L theory with a background photon field and removes all the light virtual degrees of freedom. In particular, all the diagrams with virtual photons and all infrared (IR) divergences drop out of the two-loop calculation in a gauge-invariant way. Step (i) is therefore much simpler as the calculation of the two-loop b → sγ and b → sg amplitudes gives us directly the scheme independent O(g^2) correction to C_{7,8}, respectively (g = e/s_W is the SU(2)_L coupling). Moreover, this simplification avoids completely steps (ii) and (iii), because they are both driven by purely photonic effects suppressed at least by Q_u|Q_d|s^2_W ≈ 0.05 with respect to pure SU(2)_L contributions.

In analogy to [19], we complement this approximation scheme by keeping also the O(g^2M^2_t /M^2_W ) contributions that vanish as s_W → 0. In practice, we therefore expand the two-loop b → sγ(g) amplitude A^{(2)} in powers of s^2_W :

A^{(2)} = g^4 [ A_0 + A_1s^2_W + O ( s^4_W )] (2.2)

and retain only A_0 and the O(M^2_t ) part of A_1. This is likely to be a sufficiently good approximation, as suggested by those cases [17, 20] where it has been possible to compare it with the complete SM result. We recall that Δρ [20] and B_0 − B̄_0 mixing [17] involve amplitudes conceptually similar to those under consideration: forbidden at tree level and induced at one-loop by virtual SU(2)_L effects. Later on, we will give an estimate of the residual uncertainty.

We calculate analytically the two-loop amplitudes in the Feynman background gauge with a background photon (gluon). A few thousand diagrams are automatically generated by the package FeynArts 2.2 [21] (the topologies are shown in figure 1). After setting to zero all light fermion masses but the b-quark mass, they can be reduced to a few hundred equivalence classes, which we have actually computed. Due to the GIM mechanism, the CKM cofactor of each equivalence class is always proportional to λ_t = V_{tb}V^∗_{ts}. The extraction of the magnetic penguin amplitude and the two-loop integration are performed as in [5]. All the steps of the calculation have been implemented in two independent and completely automatic codes that involve various combinations of Mathematica [22] and Form [23] routines. Although the result can be expressed in terms of logarithms and dilogarithms, it is rather lengthy and we will present instead accurate numerical approximations.

A peculiarity of the two-loop calculation for these processes is the presence of diagrams containing anomalous fermionic loops (triangles). It is well known that the naive definition of anticommuting γ_5 in n dimensions that we employ in the rest of the calculation fails for these diagrams because it leads to algebraical ambiguities and cannot reproduce the axial anomaly. Our solution consists in calculating Dirac structures containing an odd number of γ_5’s — i.e. those leading to the anomalous term — using anticommuting γ_5 in strictly four dimensions, which is possible because of their apparent UV convergence. The anomaly cancellation then guarantees the

Figure 1: Two-loop topologies for b → sγ.

absence of both anomalous and ambiguous terms in the sum of all diagrams (see [25, appendix C]). We have also checked our results for these specific terms using the HV definition of γ_5 in n dimensions [24]. From a formal point of view, the equivalence of the two methods follows from the absence of non-invariant counterterms for the odd γ_5 part in the HV case [25], as can be also seen in full generality using the powerful formalism of [26].

The renormalization is performed following the simple framework of [17], to which we refer for a detailed discussion (see also [15]) and for the notation. We recall that the top mass is renormalized on-shell as far as electroweak effects are concerned, but it is customary to use an MS definition for the QCD effects. Although the choice of the scale μ_t for the MS top mass is a matter of convention, the NLO QCD corrections depend sensitively on μ_t. For simplicity, we follow [5] and in the numerics we set μ_t = μ_W = M_W and employ M_t ≡ M_t(M_W ) = 175.5 ± 5.1 GeV obtained from the pole mass value M^{pole}_t = 174.3 ± 5.1 GeV [27]. No renormalization of the electric charge is necessary in our approximation. The renormalization of the b-quark mass, not needed in [17], is also performed on-shell. The counterterm reads δm_b m_b = g^2 16π^2 ( μ̄^2 M^2_t )_ϵ[ 3 8ϵ (x_t − 1) −

3 + 8x_t − 5x^2_t 16(x_t − 1) − 3 (1 − 3x_t + x^2_t ) ln x_t 8(x_t − 1)^2

+ O(s^2_W ) ] . One should keep in mind that the m_b factors in eq. (1.1) originate either from the b-quark Yukawa coupling or from the use of on-shell equations of motion. In the latter case, m_b should not be renormalized as it is on-shell by definition. This is the mass appearing explicitly in the projector of [5, eq. (14)]. Indeed, besides the magnetic operators of eq. (1.1), there are additional off-shell operators that project onto Q_{7,8} when the external momenta are set on-shell, i.e. Q_{10} ∼ e s̄_L{D̸, σ^{μν} }b_L F_{μν} and the analogous one with gluon fields [5]. In correcting the external fields, one should take into account that the chirality of the b quark is different in Q_7 and Q_{10}. The external leg corrections of [17] correspond to the correct LSZ factors and implement the renormalization of the CKM matrix according to [28] within our approximations. We recall that this gauge invariant definition of the CKM matrix is the most appropriate to the present low-energy measurements because, unlike an MS renormalization, it avoids O(g^2) corrections not suppressed by GIM and proportional to (m^2_i + m^2_j )/(m^2_i − m^2_j ), where m_{i,j} are light quark masses [28]. Notice also that in our framework δ(Z^R_d )_{ij} = 0.

According to the standard procedure, we will normalize BR_γ to the semileptonic branching ratio, BR_{SL}. This fixes the normalization of the electroweak coupling but requires the inclusion of the one-loop electroweak corrections to BR_{SL} [29]. It is straightforward to see that, up to O(s^2_W ) terms that we neglect, these are the same that enter the muon decay. Hence, in this respect the use of BR_{SL} is effectively equivalent to that of the Fermi constant measured in muon decays, G_μ, and the coupling renormalization proceeds as described for this case in [17]. We incorporate the complete one-loop correction to the muon decay amplitude, without taking the s_W → 0 limit, on the ground that this is an independent process for which the complete correction is available. Notice that the leading part of the photonic corrections to BR_{SL}, characterized by large logarithms and not considered in our calculation is part of the O(αα^{n−1}_s ln^n m_b/M_W ) analysis of [8, 9, 10] and is included in our numerical results.

We now recall that the regularization scheme-independent quantity entering the calculation of BR_γ is not C_7(μ_b) but a combination C^{eff}_7 (μ_b) of this Wilson coefficient and of the coefficients of the four fermion operators with mixed chirality [30, 3]. It turns out [10] that the two scheme-independent quantities relevant for B → X_sγ and B → X_sg are C^{eff}_7 (μ) = C_7(μ) − 1 3 C_5(μ) − C_6(μ) + 1 6 C^P_7 (μ) + 1 2 C^P_8 (μ) ,

C^{eff}_8 (μ) = C_8(μ) + C_5(μ) − 1 2 C^P_7 (μ) , (2.3)

where C_{5,6} and C^P_{7,8} are the Wilson coefficient of the four-quark operators

Q_5 = (s̄d)_{V −A} ∑ q=u,d,s,c,b (q̄q)_{V +A} , Q_6 = (s̄_αd_β)_{V −A} ∑ q=u,d,s,c,b (q̄_β q_α)_{V +A} , (2.4)

Q^P_7 = 3 2 (s̄d)_{V −A} ∑ q=u,d,s,c,b e_q(q̄q)_{V +A} , Q^P_8 = 3 2 (s̄_αd_β)_{V −A} ∑ q=u,d,s,c,b e_q(q̄_βq_α)_{V +A} .

Figure 2: Electroweak corrections to the Wilson coefficients C_{7,8}(M_W ). The solid lines represent our results with their error estimates, the dashed lines their leading HTE, and the dotted lines the results of the gaugeless approximation.

As C^P_8 (M_W ) and C_{5,6}(M_W ) do not receive any O(α) contribution and C^P_7 (M_W ) is proportional to s^2_W , we need to consider in eq. (2.3) only the part of C^P_7 (M_W ) enhanced by M^2_t (which actually approximates the full Wilson coefficient very well [19]).

Our results for the O(g^2) correction to the Wilson coefficients C^{eff}_{7,8}(M_W ) are accurately approximated by

δC^{eff}_{7,ew} = g^2 16π^2 [ 1.8615 − 2.422 ( 1 − M_t 175.5 ) − 0.4463 ln M_H 100 − 0.216 ln^2 M_H 100 ] , δC^{eff}_{8,ew} = g^2 16π^2 [ 0.2596 + 0.282 ( 1 − M_t 175.5 ) − 0.1366 ln M_H 100 − 0.021 ln^2 M_H 100 ] , (2.5)

where the SU(2)_L coupling g can be calculated from the relation g^2 = 4 √ 2G_μM^2_W .

We use M_W = 80.419 GeV and s^2_W = 0.23145 for the O(g^2s^2_W M^2_t ) contributions that we retain. Eqs. (2.5) reproduce accurately (within 1%) the analytic results in the ranges 100 < M_H < 250 GeV and 165 < M_t < 180 GeV. We stress that eqs. (2.5) are independent of the choice of the scale μ_t in the QCD top mass definition: it is sufficient to calculate M_t(μ_t) and employ it in eqs. (2.5). Differences between different choices are present in the QCD corrections to BR_γ but are higher order effects as far as the present calculation is concerned.

The numerical relevance of our corrections to C^{eff}_{7,8}(M_W ) is shown in figure 2 for M_t = 175.5 GeV: at M_H = 100 GeV the Wilson coefficients of Q_{7,8} are reduced, respectively by 2.6% and 0.7%. As a measure of the uncertainty due to the expansion around s_W = 0 we use the difference between the complete correction to the muon decay and its s_W → 0 limit, which amounts to about 0.5%. This seems to us a realistic estimate of the error due to our approximation and we will use it in the following. If we consider only fermionic loops we reproduce the results of [8] for C_7, which lead to a −2.3% reduction of C_7(M_W ). Although purely accidental, the closeness of this fermion loop approximation to our complete result for a light Higgs, M_H ≈ 100 GeV is impressive.

3. Heavy Top Expansion and the gaugeless limit

Let us now consider the HTE of our results and see how it compares with existing analyses. In units g^2/(16π^2) M^2_t /(2M^2_W ) it is given by

δC^{eff,ew}_{7,HTE} =

55h_t − 16 − 11h^2_t − 26h^3_t 144h_t − 2h_t − 16 − 36h^2_t + 74h^4_t − 45h^5_t + 2h^6_t 864h^2_t π^2 + + s^2_W 27 − 8 − h_t − 6h^2_t − 52h^3_t + 85h^4_t − 33h^5_t + 2h^6_t 72h^2_t

Li_2(1 − h_t) − − 74 − 45h_t + 2h^2_t 288 h^2_t ln^2 h_t − − 80 + 68h_t − 262h^2_t + 134h^3_t − 25h^4_t + 2h^5_t 288h_t ϕ ( h_t 4 ) + + 8 − 17h_t − 2h^2_t − 14h^3_t 72h_t ln h_t (3.1) and δC^{eff,ew}_{8,HTE} =

32 − 83 h_t − 23 h^2_t + 16 h^3_t 96 h_t − 8 − h_t − 18 h^2_t − h^4_t + 9 h^5_t − h^6_t 144 h^2_t π^2 − s^2_W 9 + + 16 − 2h_t − 12h^2_t + 40h^3_t − h^4_t − 30h^5_t + 4h^6_t 48 h^2_t

Li_2(1 − h_t) + + 1 − 9h_t + h^2_t 48 h^2_t ln^2 h_t + + 8 − 58 h_t + 62 h^2_t + 17 h^3_t − 16 h^4_t + 2 h^5_t 96 h_t ϕ ( h_t 4 ) − − 8 + h_t + 7h^2_t − 5h^3_t

24 h_t ln h_t , (3.2)

where h_t = M^2_H /M^2_t , Li_2(x) is the dilogarithmic function, and ϕ(x) is given in [17, eq. (48)]. As can be seen in figure 2, the leading HTE term approximates our full result very poorly, especially for a light Higgs. We have also studied the convergence of the HTE, calculating its first three terms, and found that for realistic M_t values they do not converge, in a way very similar to [17]. Our eq. (3.1) differs from the analogous one in [11] by a term^2_9

(_1 2 −^{s2W}_3 ) +^{s2W}_9 . On the other hand, we agree with [11] if we perform the calculation in the gaugeless limit. This is not surprising because it is known [18] that the gaugeless approximation does not always include all leading M^2_t contributions.

To understand better this point, notice that for a asymptotically heavy top both the top Yukawa coupling, g_t = g M_t/(2M_W ), and the loop integration can provide powers of the top mass. In the case at hand, the one-loop integrals are convergent, so that the one-loop contributions scale at most like g^2_t /M^2_t ∼ g^2/M^2_W . At the two-loop level, the gaugeless contributions scale as g^4_t /M^2_t ∼ g^2_t g^2/M^2_W ∼ g^4M^2_t /M^2_W , but the

Figure 3: Insertions of an effective Z^0 penguin vertex in a one-loop diagram.

same heavy top behaviour can be obtained by inserting a dimension four operator^1 proportional to g^2_t in a topless loop. In general, the effective lagrangian obtained after integrating out the heavy top tells us exactly which the relevant operators are [31]. In our case, only the diagrams in figure 3 contribute to the leading HTE through the insertion of a flavor changing dimension four Z^0 penguin operator of the kind s̄_Lγ^μb_LZ^0_μ. The diagram with a mass insertion on the internal b line depends on the regularization scheme — it vanishes if IR divergences are regulated dimensionally — and in the schemes where it does not vanish it is cancelled in the matching by a contribution from the electroweak penguin operator Q^P_7 of eq. (2.4). In both cases, however, its contribution is reintroduced in the quantity C^{eff}_{7,8} by C^P_7 . In the limit of a heavy top the effective vertex has the form

Γ^μ_{s̄bZ0} = i g^3 16π^2 λ_t c_W x_t 4 s̄_Lγ^μb_L (3.3)

with c_W = cos θ_W and λ_t = V^∗_{ts}V_{tb}. Inserting this gauge-independent effective coupling in the one-loop diagrams of figure 3, and keeping in mind the tree level couplings of the Z^0 boson with b_L, ∼ (1/2−s^2_W /3), and with b_R, ∼ −s^2_W /3, we obtain the difference between the HTE of our result and the gaugeless limit. The argument is completely analogous for C_8, whose HTE also differs from the gaugeless approximation.

So when does the gaugeless limit potentially fail at two-loop? Whenever at the one-loop level the top quark diagrams in the limit of a heavy top scale like a constant, namely in the same way as the topless contributions. Indeed, in this case we know that there are some dimension four effective operators proportional to g^2_t that can be inserted in one-loop diagrams not containing the top and give contributions of the same order, in the limit of heavy top, of those belonging to the two-loop gaugeless approximation.

1Dimension two insertions are removed by our choice of renormalization in the W − ϕ sector.

bsγ, bsg Hγγ, Hgg Δρ, R_b, HZZ, K→πνν̄ B_0-B̄_0 [18, 32] [34, 18, 33] [17]

One loop^{g2t}_{M 2t} ∼^{g2}_{M 2W}^{(e2,g2s ) v gtMt}_{M 2t} ∼ (e^2, g^2_s )^{g2M 2t}_{M 2W} or g^2_t^{g4t}_{M 2t}

Two loop^{g4t}_{M 2t} ∼^{g2g2t}_{M 2W}^{(e2,g2s ) v g3t Mt}_{M 2t} ∼ (e^2, g^2_s ) g^2_t^{g2g2t M 2t}_{M 2W} or g^4_t^{g6t}_{M 2t}

Table 1: Leading HTE contributions to different processes. Following the criterion given in the text, the gaugeless limit fails in the first two cases.

Table 1 summarizes the situation for the processes considered in the literature at the two-loop level. It should be clear that the gaugeless limit works safely only when the asymptotic expansion in M_t has maximal power (M^2_t at one-loop, M^4_t at two loop). Of course, there might be exceptions. Indeed, whether the O(g^2_t ) dimension four operators are relevant or not depends on the process under consideration. For instance, in the Hgg effective vertex [32] — relevant for gluon-gluon fusion production and hadronic decays of the SM Higgs boson — they are not because the gluons have no electroweak interaction. This is in contrast to the similar case of the Hγγ effective vertex [18], where the gaugeless approximation does not give the correct result. Similar considerations apply to the heavy Higgs limit, although the leading term in the heavy Higgs expansion, subject to other constraints, is not always what is expected from dimensional analysis.

4. Effects on the branching ratio

Let us now examine in some detail the effect of our calculation on BR_γ . As a first step we calculate the Wilson coefficients at a scale μ_b = 4.8 GeV. It is well known that the large mixing between Q_2 = (c̄b)_{V −A} (c̄s)_{V −A} and Q_7 induces additive terms in the running of the coefficients from the W to the b mass scale which are numerically very important. Our aim is to resum all contributions O(g^2α^n_s L^n) and O(αM^2_t /M^2_W α^n_s L^n), where L is a large logarithm. As mentioned above, these terms are uniquely originated by heavy degrees of freedom and enter only the determination of the Wilson coefficients at a high scale μ ≈ M_W . At this order the evolution of the coefficients is therefore driven only by LO QCD effects. The Wilson coefficient at the bottom mass scale is given at LO in QCD by

C^{(0)eff}_7 (μ_b) = η^{16/23}C^{(0)eff}_7 (M_W ) + 8 3 ( η^{14/23} − η^{16/23} ) C^{(0)eff}_8 (M_W ) +

+ C^{(0)}_2 (M_W ) 8∑ i=1 h_iη^{ai} , (4.1)

where η = α_s(μ_W )/α_s(μ_b) ≈ 0.56 and h_i, a_i are constants given e.g. in [30]. The last term is approximately equal to −0.173 and is dominant.

i P 7 P 8 P 9 P 10

γ̂^{(0)eff}_{s,i7} −^{16}_9 −^{1196}_{81}^{232}_{81}^{1180}_{81}

γ̂^{(0)eff}_{s,i8}^5_6 −^{11}_{54} −^{59}_{54} −^{46}_{27}

Table 2: Anomalous dimension matrix entries relevant for the mixing between electroweak and magnetic penguins [10] in the basis of [30]. Two up and three down active flavors are assumed.

The electroweak corrections affect eq. (4.1) in two ways: (i) they shift C^{(0)eff}_i (M_W ) by δC^{eff}_{i,ew}; (ii) they introduce in eq. (4.1) those gluon and electroweak penguin operators that have non-zero O(g^2) or O(αM^2_t ) contributions to the Wilson coefficients at μ = M_W . In the basis of [30], these are Q^P_{3,7,9}. Their LO QCD mixing with the magnetic penguin operators can be gleaned from the anomalous dimension matrix γ̂^{(0)eff}s given in [10, 35] after a change of basis. The new entries of γ̂^{(0)eff}s calculated in [10] are given in table 2 in the conventional basis adopted in [30]. The additional contributions to eq. (4.1) are therefore

δ^{ew}C^{(0)eff}_7 (μ_b) = η^{16/23}δC^{eff}_{7,ew} + 8 3 ( η^{14/23} − η^{16/23} ) δC^{eff}_{8,ew} + + ∑ i=3,7,9 C^P_i (M_W ) ∑ j h_{ij}η^{aij} , (4.2) where C^P_i (M_W ) are the relevant O(α) contributions to the Wilson coefficients and h_{ij} , a_{ij} are magic numbers that can be easily determined from the anomalous dimension matrix. The last term in eq. (4.2) is approximately given by 0.15 C_3(M_W ) + 0.12 C_7(M_W ) − 0.03 C_9(M_W ) and is numerically very small; it reduces C^{(0)eff}_7 (μ_b) by −0.2%. Notice now that C^{(0)}_2 (M_W ) in eq. (4.1) is unaffected by electroweak corrections of the kind considered here if G_μ is used to normalize the effective hamiltonian (as in fact we do); in that case C^{(0)}_2 (M_W ) does however receive O(g^2s^2_W ) corrections. In the NDR scheme we find

C_2(M_W ) = 1 + α(M_W ) 4π [ − 22 9 + 4 3 ln M^2_Z M^2_W ] + O(α_s) , (4.3)

where α(M_W ) is the electromagnetic running coupling evaluated at M_W . The O(α) electroweak corrections to the Wilson coefficient C_2 are therefore very small (−0.13%). But we stress that a different choice of normalization would induce additional (much larger) electroweak contributions, as can be easily seen using [17]. Eq. (4.3) is a new result that improves on [36], where only QED effects were taken into account, and includes all one-loop electroweak contributions.

From eq. (4.1) and neglecting the O(α) effects of eq. (4.3) we see that C^{(0)eff}_7 (μ_b) is reduced by only (1.3 ± 0.2)% for M_H = 100 GeV due to the electroweak corrections we have calculated; the reduction is less pronounced for larger Higgs masses.

In a similar way, we find that for C^{(0)eff}_8 (μ_b) the numerical impact of the last term in eq. (4.2) is more important than that of the two-loop correction; electroweak effects increase C^{(0)eff}_8 (μ_b) by about 0.3 ± 0.2% for M_H = 100 GeV. In addition to the leading logarithmic QCD effects considered in eq. (4.1) there are next-to-leading QCD terms that enter the calculation of BR_γ [3]. Our electroweak corrections affect them only as a NNLO effect. As there are other uncalculated contributions to that order, even in the approximation we have adopted — in particular O(g^2α_s) corrections to the Wilson coefficients, as can be seen from [19, eq. (3.14)] — our corrections should be implemented only in the calculation of the LO QCD Wilson coefficient C^{(0)eff}_7 (μ_b).

The total effect of the electroweak corrections we have calculated on the NLO calculation of BR_γ is a −2.0±0.3% reduction for a light Higgs mass, M_H ≈ 100 GeV. We stress that this does not include the O(αα^{n−1}_s ln^n m_b/M_W ) QED effects of [8, 9, 10]. For larger Higgs masses the effect becomes smaller: −1.6% for M_H = 200 GeV and −1.3% for M_H = 300 GeV. In the gaugeless approximation and excluding the last contributions to eq. (4.2), the net effect on BR_γ is a 0.5% reduction for M_H ≈ 100 GeV.

We now calculate BR_γ following closely [3, 5, 8, 9] and including all known higher order effects as well as our new results. We also update the input parameters and introduce some minor refinements in the NLO analysis. For instance, we evaluate the MS top mass from the pole top mass using the O(α^2_s) expression [37], as these corrections are large and their origin is distinct. Compared to the use of the O(α_s) conversion formula, this leads to a −0.4% reduction of BR_γ . With respect to the detailed analysis of [5], we adopt a new CKM factor f_{CKM} = |V^∗_{ts}V_{tb}/V_{cb}|^2 = 0.97 ± 0.02 instead of 0.95 ± 0.03, obtained using 0 < ϱ̄ < 0.4 from global fits of the unitarity triangle [38]. For the semileptonic BR, we employ BR_{SL} = 0.1045 ± 0.0021, corresponding to the Υ resonance determination (the average of LEP measurements is 0.1073 ± 0.0018). We also use M_t ≡ M^{pole}_t = (174.3 ± 5.1) GeV, α_s(M_Z ) = 0.119±0.002, M_W = 80.419 GeV [27, 16], λ_2 = 0.12 GeV^2, r_{cb} = m_c/m_b = 0.29±0.02, M_{cb} = m_b − m_c = 3.39 ± 0.04 GeV [39]. The above value of r_{cb} is equivalent to a pole mass m_b = 4.77 ± 0.15 GeV. Employing a conventional definition of total BR_γ [9] with a cut on the photon energy E_γ > (1 − δ) m_b/2, δ = 0.9, we obtain

BR_γ = 0.000329 f_{CKM} 0.97

BR_{SL} 0.1045 ( α_s(M_Z ) 0.119

)_{1.13}( M_t 174.3

)_{0.48}( r_{cb} 0.29

)_{0.68}( M_{cb} 3.39 )_{−0.3} . (4.4)

Here the dependence of the calculation on the main input parameters is summarized for small (< 1 σ) variations around their central values. Notice that, compared to [9, 40], the 2% reduction due to electroweak corrections is compensated by a 2% increase from the update of the input parameters. The largest present single parametric uncertainty comes from r_{cb} and reaches around 5%.

The choice of δ = 0.9 for the photon cut-off energy in eq. (4.4) is mainly motivated by the need to compare with previous literature. The experimental measurement is based on a much stronger cut, E_γ > 2.1 GeV [1], but needs to be extrapolated to a more inclusive branching fraction (see [9] for a recent discussion). On the other hand, non-perturbative problems may arise for soft photons. It seems therefore useful to know BR_γ for higher and more realistic cut-offs. For 0.3 < δ < 0.9 the central value of eq. (4.4) is very well approximated by

BR_γ (δ) = 3.01 + 1.01 δ − 1.49 δ^2 + 0.79 δ^3 , (4.5)

which shows a mild dependence on the cut-off in a large region of δ [9].

5. Summary

In summary, we have reanalyzed in detail the two-loop electroweak corrections to B → X_sγ and B → X_sg decays. In order to avoid dealing with presumably small photonic effects, in our calculation we have neglected terms proportional to s^2_W not enhanced by M^2_t . We have also accurately discussed the interplay between electroweak and QCD corrections. As a byproduct of the calculation we have presented the complete O(α) corrections to the Wilson coefficient C_2(M_W ). The total effect of electroweak corrections on the BR of B → X_sγ, BR_γ , is a −2.0 ± 0.3% reduction, which is three times larger than in [11]. After inclusion of all NLO QCD contributions, of non-pertubative corrections and of all known QED and electroweak effects, we find (for M_H = 100 GeV and δ = 0.9)

BR_γ = (3.29 ± 0.21 ± 0.21) × 10^{−4} , (5.1)

where the first error is parametric and based on up-to-date experimental inputs and the second one is obtained by scanning the various scales considered in [5] between 1/2 and twice their central values and adding 0.3% for unaccounted electroweak higher orders. Had we combined the scale ambiguities in quadrature, the second error would have been 0.16. For M_H = 215 GeV, at the other edge of the preferred region from global fits, the central value of BR_γ is 3.30×10^{−4}. Eq. (5.1) is in good agreement with the present experimental values BR_γ = (3.14 ± 0.48) × 10^{−4} from Cleo and BR_γ = (3.34 ± 0.68) × 10^{−4} from Belle [1].

Acknowledgments

We are indebted to M. Misiak for pointing out to us a missing term in eq. (4.2) and for many interesting conversations and to A.J. Buras and P.A. Grassi for helpful discussions.

References

[1] CLEO collaboration, CLEO CON 98-17, ICHEP98-1011;

Aleph collaboration, A measurement of the inclusive B → Sγ branching ratio, Phys. Lett. B 429 (1998) 169;

M. Nakao, for the Belle collaboration, talk at ICHEP 2000, Osaka, July 2000.

[2] S. Bertolini, F. Borzumati and A. Masiero, QCD enhancement of radiative b decays, Phys. Rev. Lett. 59 (1987) 180;

N.G. Deshpande, P. Lo, J. Trampetic, G. Eilam and P. Singer, B → K^∗ gamma and the top quark mass, Phys. Rev. Lett. 59 (1987) 183.

[3] K. Chetyrkin, M. Misiak and M. Münz, Weak radiative B meson decay beyond leading logarithms, Phys. Lett. B 400 (1997) 206 [hep-ph/9612313], erratum ibid. B425 (1998) 414.

[4] K. Adel and Y.-P. Yao, Exact α_s calculation of b → s + γ, b → s + g, Phys. Rev. D 49 (1994) 4945 [hep-ph/9308349];

C. Greub and T. Hurth, Two-loop matching of the dipole operators for b → sγ and b → sg, Phys. Rev. D 56 (1997) 2934 [hep-ph/9703349];

A.J. Buras, A. Kwiatkowski and N. Pott, Next-to-leading order matching for the magnetic photon penguin operator in the B → X_sγ decay, Nucl. Phys. B 517 (1998) 353 [hep-ph/9710336].

[5] M. Ciuchini, G. Degrassi, P. Gambino and G.F. Giudice, Next-to-leading QCD corrections to B → X_sγ: standard model and two-Higgs doublet model, Nucl. Phys. B 527 (1998) 21 [hep-ph/9710335].

[6] A. Ali and C. Greub, Inclusive photon energy spectrum in rare B decays, Z. Physik C 49 (1991) 431; A determination of the CKM matrix element ratio |V_{ts}|/|V_{cb}| from the rare B decays B → K^∗ + γ and B → X_s + γ, Z. Physik C 60 (1993) 433; A. Ali and C. Greub, Photon energy spectrum in B → X_s + γ and comparison with data, Phys. Lett. B 361 (1995) 146 [hep-ph/9506374];

C. Greub, T. Hurth and D. Wyler, Virtual corrections to the decay B → sγ, Phys. Lett. B 380 (1996) 385 [hep-ph/9602281];

N. Pott, Bremsstrahlung corrections to the decay B → sγ, Phys. Rev. D 54 (1996) 938 [hep-ph/9512252].

[7] M. Ciuchini, G. Degrassi, P. Gambino and G.F. Giudice, Next-to-leading QCD corrections to B → X_sγ in supersymmetry, Nucl. Phys. B 534 (1998) 3 [hep-ph/9806308]; F.M. Borzumati and C. Greub, 2hdms predictions for B̄ → X_sγ in NLO QCD, Phys. Rev. D 58 (1998) 074004 [hep-ph/9802391];

C. Bobeth, M. Misiak and J. Urban, Matching conditions for B → sγ and B → sg in extensions of the standard model, Nucl. Phys. B 567 (2000) 153 [hep-ph/9904413].

[8] A. Czarnecki and W.J. Marciano, Electroweak radiative corrections to B → sγ, Phys.

Rev. Lett. 81 (1998) 277 [hep-ph/9804252].

[9] A.L. Kagan and M. Neubert, QCD anatomy of B → X_sγ decays, Eur. Phys. J. C 7 (1999) 5 [hep-ph/9805303].

[10] K. Baranowski and M. Misiak, The O(α_{em}/α_s) correction to BR[B → X_sγ], Phys.

Lett. B 483 (2000) 410 [hep-ph/9907427].

[11] A. Strumia, Two loop heavy top corrections to the B → sγ decay, Nucl. Phys. B 532 (1998) 28 [hep-ph/9804274].

[12] A. Khodjamirian, R. Ruckl, G. Stoll and D. Wyler, QCD estimate of the long-distance effect in B → K^∗γ, Phys. Lett. B 402 (1997) 167 [hep-ph/9702318]; Z. Ligeti, L. Randall and M.B. Wise, Comment on nonperturbative effects in B̄ → X_sγ, Phys. Lett. B 402 (1997) 178 [hep-ph/9702322];

A.K. Grant, A.G. Morgan, S. Nussinov and R.D. Peccei, Comment on nonperturbative O(1/m^2_c ) corrections to Γ(B̄ → X_sγ), Phys. Rev. D 56 (1997) 3151 [hep-ph/9702380]; G. Buchalla, G. Isidori and S.J. Rey, Corrections of order Λ^2_{QCD}/m^2_c to inclusive rare B decays, Nucl. Phys. B 511 (1998) 594 [hep-ph/9705253];

A.F. Falk, M. Luke and M.J. Savage, Nonperturbative contributions to the inclusive rare decays B → X_sγ and B → X_sℓ^+ℓ^−, Phys. Rev. D 49 (1994) 3367 [hep-ph/9308288].

[13] M. Misiak, Theory of radiative B decays, hep-ph/0002007.

[14] G. Degrassi, P. Gambino and A. Vicini, Two-loop heavy top effects on the MZ-MW interdependence, Phys. Lett. B 383 (1996) 219 [hep-ph/9603374]; G. Degrassi, P. Gambino and A. Sirlin, Precise calculation of M_W , sin^2 θ̂_W (M_Z ), and sin^2 θ^{lept}_{eff} , Phys. Lett. B 394 (1997) 188 [hep-ph/9611363].

[15] G. Degrassi and P. Gambino, Two-loop heavy top corrections to the Z_0 boson partial widths, Nucl. Phys. B 567 (2000) 3 [hep-ph/9905472].

[16] For the most recent results, see http://www.cern.ch/LEPEWWG.

[17] P. Gambino, A. Kwiatkowski and N. Pott, Electroweak effects in the B^0 B̄^0 mixing, Nucl. Phys. B 544 (1999) 532 [hep-ph/9810400].

[18] A. Djouadi, P. Gambino and B.A. Kniehl, Two-loop electroweak heavy-fermion corrections to Higgs-boson production and decay, Nucl. Phys. B 523 (1998) 17 [hep-ph/9712330].

[19] A.J. Buras, P. Gambino and U.A. Haisch, Electroweak penguin contributions to nonleptonic Δf = 1 decays at NNLO, Nucl. Phys. B 570 (2000) 117 [hep-ph/9911250].

[20] G. Degrassi, S. Fanchiotti, F. Feruglio, P. Gambino and A. Vicini, Two loop electroweak top corrections: are they under control?, Phys. Lett. B 350 (1995) 75 [hep-ph/9412380].

[21] J. Küblbeck, M. Böhm, and A. Denner, Feyn Arts: computer algebraic generation of Feynman graphs and amplitudes, Comput. Phys. Commun. 60 (1991) 165; T. Hahn, FeynArts 2.2 user’s guide (http://www.feynarts.de); Generating and calculating one-loop feynman diagrams with Feynarts, Formcalc and Looptools,

hep-ph/9905354.

[22] S. Wolfram, The Mathematica book, 3rd edition, Wolfram Media, 1996;

M. Jamin and M.E. Lautenbacher, Tracer, version 1.1: a Mathematica package for gamma algebra in arbitrary dimensions, Comput. Phys. Commun. 74 (1993) 265.

[23] J.A.M. Vermaseren, Symbolic manipulation with FORM, Version 2, CAN, Amsterdam 1991.

[24] G. ’t Hooft and M. Veltman, Regularization and renormalization of gauge fields, Nucl.

Phys. B 44 (1972) 189;

P. Breitenlohner and D. Maison, Dimensional renormalization and the action principle, Comm. Math. Phys. 52 (1977) 11; Dimensionally renormalized green’s functions for theories with massless particles, 1, Comm. Math. Phys. 52 (1977) 39; Dimensionally renormalized Green’s functions for theories with massless particles, 2, Comm. Math. Phys. 52 (1977) 55.

[25] C.P. Martin and D. Sanchez-Ruiz, Action principles, restoration of BRS symmetry and the renormalization group equation for chiral non-abelian gauge theories in dimensional renormalization with a non-anticommuting γ_5, Nucl. Phys. B 572 (2000) 387 [hep-th/9905076].

[26] P.A. Grassi, T. Hurth and M. Steinhauser, Practical algebraic renormalization,

hep-ph/9907426; P.A. Grassi, private communication.

[27] Particle Data Group, Review of particle physics, Eur. Phys. J. C 15 (2000) 1.

[28] P. Gambino, P.A. Grassi and F. Madricardo, Fermion mixing renormalization and gauge invariance, Phys. Lett. B 454 (1999) 98 [hep-ph/9811470].

[29] A. Sirlin, Large M_W , M_Z behavior of the O(α) corrections to semileptonic processes mediated by W, Nucl. Phys. B 196 (1982) 83.

[30] A.J. Buras, Weak hamiltonian, CP-violation and rare decays, hep-ph/9806471.

[31] F. Feruglio, A. Masiero and L. Maiani, Low-energy effects of heavy chiral fermions, Nucl. Phys. B 387 (1992) 523;

F. Feruglio, The chiral approach to the electroweak interactions, Int. J. Mod. Phys. A 8 (1993) 4937 [hep-ph/9301281].

[32] A. Djouadi and P. Gambino, Leading electroweak correction to Higgs boson production at proton colliders, Phys. Rev. Lett. 73 (1994) 2528 [hep-ph/9406432].

[33] G. Buchalla and A.J. Buras, Two-loop large-M_t electroweak corrections to K_tπνν̄ for arbitrary Higgs boson mass, Phys. Rev. D 57 (1998) 216 [hep-ph/9707243].

[34] R. Barbieri, M. Beccaria, P. Ciafaloni, G. Curci and A. Vicere, Two loop heavy top effects in the standard model, Nucl. Phys. B 409 (1993) 105;

J. Fleischer, O.V. Tarasov and F. Jegerlehner, Two loop large top mass corrections to electroweak parameters: analytic results valid for arbitrary Higgs mass, Phys. Rev. D 51 (1995) 3820;

G. Degrassi, S. Fanchiotti and P. Gambino, Two loop next-to-leading M_t corrections to the ρ parameter, Int. J. Mod. Phys. A 10 (1995) 1337 [hep-ph/9403250].

[35] M. Ciuchini, E. Franco, L. Reina and L. Silvestrini, Leading order QCD corrections to B → sγ and B → sg decays in three regularization schemes, Nucl. Phys. B 421 (1994) 41 [hep-ph/9311357].

[36] A. Buras, M. Jamin and M.E. Lautenbacher, The anatomy of ϵ′/ϵ beyond leading logarithms with improved hadronic matrix elements, Nucl. Phys. B 408 (1993) 209 [hep-ph/9303284];

M. Ciuchini, E. Franco, G. Martinelli and L. Reina, The delta s = 1 effective hamiltonian including next-to-leading order QCD and QED corrections, Nucl. Phys. B 415 (1994) 403 [hep-ph/9304257].

[37] N. Gray, D.J. Broadhurst, W. Grafe and K. Schilcher, Three loop relation of quark (modified) MS and pole masses, Z. Physik C 48 (1990) 673.

[38] F. Caravaglios, F. Parodi, P. Roudeau and A. Stocchi, Determination of the ckm unitarity triangle parameters by end 1999, hep-ph/0002171;

S. Mele, Indirect measurement of the vertex and angles of the unitarity triangle, Phys. Rev. D 59 (1999) 113011 [hep-ph/9810333];

M. Bargiotti et al., Present knowledge of the Cabibbo-Kobayashi-Maskawa matrix, Riv. Nuovo Cim. 23 (2000) 1 [hep-ph/0001293];

S. Plaszczynski and M.-H. Schune, Overall determination of the ckm matrix,

hep-ph/9911280;

M. Ciuchini, private communication.

[39] M. Neubert, B decays and the heavy-quark expansion, hep-ph/9702375.

[40] P. Gambino, Next-to-leading order QCD corrections to B → X_sγ, Nucl. Phys. 86 (Proc. Suppl.) (2000) 499.